We obtain new trigonometric identities, which are product-to-sum type formulas for derivative of the cosecant and cotangent functions. Further, from specializations of our formulas, we derive new reciprocity laws of generalized Dedekind sums.
Introduction
Our starting point is the following identity (reciprocity law for parameterized cotangent and cosecant sums) by Fukuhara [3] . Let p and q be relatively prime positive integers and z ∈ C. Theorem 1.1. (1) If p + q is even, then pq csc (pz) csc (qz) = − cot (1) 
where cot (1) (z) is derivative of cot (z).
(2) If p + q is odd, then pq csc (pz) csc (qz) = − csc (1) where csc (1) (z) is derivative of csc (z).
(3) If q is even, then pq cot (pz) csc (qz) = − cot (1) These identities are Theorem 1.1 of [3] , which are regarded as variations of the following cotangent identity.
pq cot (pz) cot (qz) = − cot (1) On the other hands, for (1.5), we gave the following generalization of it in [4] . Let ζ(s) be the Riemann zeta function and and we put
Theorem 1.2 (Theorem 3.1 of [4] ). Let r ∈ Z ≥2 , a := (a 1 , . . . , a r ), m := (m 1 , . . . , m r ) ∈ Z r ≥1 , w = (w 1 , . . . , w r ) ∈ R r . Further, we put δ l (α) := δ(α; (a l , w l )) (l = 1, . . . , r),
Then,
where the sum of α is taken over all poles of E(z; a, m, w) on R, and |m| := m 1 + · · · + m r .
We remark that if we take r = 2, a 1 = p, a 2 = q, m 1 = m 2 = 1 and w 1 = w 2 = 0, then (3.2) degenerates to (1.5) . Moreover, by taking a limit of z → i∞ or comparing the coefficients of both sides of (3.2) into Laurent series of z − z 0 , we obtained next theorem. [4] , we provided the following problem. 
Give an analogue of Theorem 1.2, 1.3 for
which includes as special cases Theorem 1.1.
Our main purpose is solving the problem and giving a cosecant version of Theorem 1.2 and 1.3, which is a generalization of Theorem 1.1.
Let us now describe the content in this article. In Section 2, we introduce main object G N (z) instead of derivative of the cosecant function, and recall fundamental properties of it. In Section 3 which is main part of this article, under completely general situation for parameters, we provide a product-to-sum type formula for
and derive new generalized reciprocity laws by writing down a few specializations of main theorem. In Section 4, we restrict the parameters of our main results in Section 3 and give more explicitly expression of our identities which are cosecant version of various reciprocity laws of generalized Dedekind sums.
Preliminaries
Throughout the paper, we denote the ring of rational integers by Z, the field of real numbers by R, the field of complex numbers by C and i := √ −1. We put
For G N (z), the following fundamental properties are known.
Here, N k is a Eulerian number defined by
(2) By the definition of G N +1 (z) and (2.1),
Here, we recall (1) and (2) of Lemma 2.1 in [4] , which are E 1 (z) = π cot (πz) and
Hence, we have the conclusion.
(3) This result follows from (2.3).
Thus, from Taylor expansion of a m G m (az − w) at z = z 0 , we have
If z 0 ∈ R is a pole of a m G m (az − w), then z 0 is written by
and δ(z 0 ; (a, w)) = 1. From well known formula of G N (z) (see [5] )
we have
Main results
Let j = 0, 1, . . . , r − 1. Further, we put
In particular, we remark
where the sum of α runs over all poles of EG j (z; a, m, w) on R and
In particular,
Proof. Let H j (z; a, m, w) be the right hand side of (3.2). First, we assume r l=j+1 a l is even. For this case, H j (z; a, m, w) has the following expression.
Thus, since EG j (z; a, m, w), H j (z; a, m, w) are periodic functions with period 1, it is sufficient to prove (3.2) on z ∈ R. First, we remark that E N (z) and G N (z) are polynomials of cot(πz) or cot πz 2 with degree N and cot(πz) is bounded on the set R 1 := R ∩ {z ∈ C | |Im z| ≥ 1 + 2 max α |Im α|}. Thus, EG j (z; a, m, w) − H j (z; a, m, w) are bounded on R 1 .
Further, from (2.6), the Laurent expansion of EG j (z; a, m, w) at α is
4)
On the other hands, from (2.7), the Laurent expansion of H j (z; a, m, w) at α is
Hence, EG j (z; a, m, w) − H j (z; a, m, w) is holomorphic function on R. Now, since the periodic function EG j (z; a, m, w) − H j (z; a, m, w) is bounded on R 1 and the compact set
is a bounded entire function on the complex plane C. Therefore, by the well-known Liouville Theorem, there exists some constant C j (a, m, w) such taht EG j (z; a, m, w) − H j (z; a, m, w) = C j (a, m, w).
If we restrict z ∈ C and w 1 , . . . , w r ∈ R to R, then C νu, j (α; a u , m u , w u ), C j (a, m, w) ∈ R. In addition, we calculate lim z→i∞ EG j (z; a, m, w) = 0,
The second equality follows from (3) Finally, since EG j (z; a, m, w) and H j (z; a, m, w) are periodic meromorphic functions with period 1 and analytic for each w 1 , . . . , w r , we prove our claim. Next, we assume r l=j+1 a l is odd. For the case, H j (z; a, m, w) can be expressed by
and we remark Hence, this case can be proved similarly; detailed verifications are left to the reader. (1) If a 1 + a 2 is even, then
(3.5)
Here, A 1 , A 2 are integers such that A 1 a 2 + A 2 a 1 = 1 and the sums ′ n 1 mod a 1 , ′ n 2 mod a 2 are taken over not singular point.
(2) If a 1 + a 2 is odd, then
(3.6)
(3) If a 2 is even, then a 1 a 2 cot π(a 1 z − w 1 ) csc π(a 2 z − w 2 )
(3.7) (4) If a 2 is odd, then By taking a limit of z → i∞ in (3.2), we have the following theorem, that is reciprocity law of generalized Dedekind sums defined by cotangent and cosecant function. In particular, if r l=1 a l is even, then
Furthermore, by comparing the coefficients of Laurent expansions of (3.2), we obtain the following theorems immediately. .
We have
In particular, Proof. For (3.11), we expand both sides of (3.2) into Laurent series of z − z 0 and compare the coefficients of (z − z 0 ) µ of both sides. Actually, by replacing α with z 0 in (3.4), we have
On the other hands, from (4) of Lemma 2.1 in citeS
Hence,
Therefore, we have the conclusion.
Some special cases of the main theorem
By specializing our main results, we derive some known reciprocity laws of various generalized Dedekind sums.
Multiplicity free case
In this subsection, we assume for all distinct k, l ∈ [r] and n k = 0, 1, . . . , a k − 1, n l = 0, 1, . . . , a l − 1,
Under this condition, since all poles of E m j (a j z − w j ) or G m j (a j z − w j ) for each v = 1, . . . , r on R w v + n v a v (v = 1, . . . , r, n v = 0, . . . , a v − 1) are multiplicity free, Theorem 3.1, 3.3 and 3.4 are as follows. 
In particular, In particular, if r l=1 a l is even, then
1≤u =v≤r 
In particular, This is a cosecant version of the reciprocity law of the higher dimensional Dedekind sums by Zagier [6] .
